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Abstract. The paper contains three main results. First, we show that 
if a commutative semigroup variety is a modular element of the lattice 
Com of all commutative semigroup varieties then it is either the variety 
COM of all commutative semigroups or a nil-variety or the join of a 
nil-variety with the variety of semilattices. Second, we prove that if 
a commutative nil-variety is a modular element of Com then it may 
be given within COM by 0-reduced and substitutive identities only. 
Third, we completely classify all lower-modular elements of Com. As 
a corollary, we prove that an element of Com is modular whenever 
it is lower-modular. All these results are precise analogues of results 
concerning modular and lower-modular elements of the lattice of all 
semigroup varieties obtained earlier by Jezek, McKenzie, Vernikov, and 
the author. As an application of a technique developed in this paper, 
we provide new proofs of the 'prototypes' of the first and the third our 
results. 



1. Introduction and summary 

There are several papers where special elements of the lattice of all semi- 
group varieties were examined. Results in this area obtained before 2009 
have been overviewed in Section 14 of the survey [11]. Recall the definitions 
of special elements mentioned in the present paper. An element x of a lattice 
(L; V, A) is called 

modular if V y , z G L : y < z — > (x V y) A z = (x A z) V y , 

lower-modular if Vy,z G L: x < y — > x V (y A z) = y A (x V z), 
distributive if Vy, z 6 L: x V (y A z) = (x V y) A (x V z), 

and neutral if, for all y,z G L, the sublattice generated by the elements x, y, 
and z is distributive. Upper-modular and codistributive elements are defined 
dually to lower-modular and distributive ones respectively. It is evident that 
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every [co] distributive element is lower-modular [upper-modular] and that 
every neutral element is distributive, codistributive, and modular. 

The lattice of all semigroup varieties is denoted by SEM. Neutral ele- 
ments of this lattice were determined by Volkov in [18]. A description of 
distributive and lower-modular elements in SEM was obtained by Vernikov 
and the author in [15] and [10] respectively. An essential information about 
modular elements of SEM was found in [5, 12]. Some of the mentioned 
results are interesting from the point of view of this paper. To formulate 
these results, we need some definitions and notation. 

For convenience, we call a semigroup variety modular if it is a modular 
element of the lattice SEM, and adopt analogous agreement for all other 
types of special elements. As usual, we replace a pair of identities wx = 
xw = w where the letter x does not occur in the word w by the symbolic 
identity w = 0. Identities of the form w = as well as varieties given by such 
identities are called 0-reduced. An identity u = v is called substitutive if the 
words u and v depend on the same letters and the word v may be obtained 
from u by renaming of letters. Recall that a semigroup variety is called a 
nil-variety if it consists of nil-semigroups (or, equivalently, if it satisfies an 
identity of the form x n = for some n) . It is evident that every 0-reduced 
variety is a nil-variety. By T, SC, and S£Ai we denote the trivial variety, 
the variety of all semilattices, and the variety of all semigroups respectively. 

Proposition 1.1. If a semigroup variety V is modular then either V = SSM. 
or V = M.V N where M. is one of the varieties T or SC, while M is a nil- 
variety. □ 

This fact was proved (in slightly weaker form and some other terminol- 
ogy) in [5], Proposition 1.6; a deduction of Proposition 1.1 from [5, Propo- 
sition 1.6] is given explicitly in [12, Proposition 2.1]. Proposition 1.1, to- 
gether with Lemma 2.1 formulated below, completely reduces the problem 
of description of modular varieties to the nil-case. The following necessary 
condition for a nil-variety to be modular (stronger than one given by Propo- 
sition 1.1) is true. 

Proposition 1.2 ([12, Theorem 2.5]). If a nil-variety of semigroups is mod- 
ular then it may be given by 0-reduced and substitutive identities only. □ 

The last earlier result we cite here is the following 

Proposition 1.3 ([10, Theorem 1.1]). A semigroup variety V is lower- 
modular if and only if either V = SSAi orV = MvN where M. is one of 
the varieties T or SC, while M is a 0-reduced variety. □ 

It is natural to study special elements not only in the whole lattice SEM 
but also in its most important sublattices. One of such sublattices is the lat- 
tice Com of all commutative semigroup varieties. This lattice is intensively 
studied and several deep results were obtained here. The lattice Com con- 
tains an isomorphic copy of any finite lattice (this follows from results of the 
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papers [1] and [8]), so it does not satisfy any non-trivial lattice identity. On 
the other hand, this lattice is countably infinite [7]. Some parametrization of 
the lattice Com was suggested in [6]. The study of special elements in Com 
was started by the author in [9] where distributive and neutral elements in 
this lattice were described. 

Main results of this paper are precise analogoues of Propositions 1.1—1.3 
for the lattice Com. To formulate these results, we need some additional 
definitions and notation. We call a commutative semigroup variety modular 
in Com if it is a modular element of the lattice Com, and adopt analogous 
agreement for all other types of special elements. By COM we denote the 
variety of all commutative semigroups. A commutative semigroup variety is 
called 0-reduced in Com if it is defined within COM by 0-reduced identities 
only. Our main results are the following three theorems. 

Theorem 1.4. // a commutative semigroup variety V is modular in Com 
then either V = COM. orV = MvN where M is one of the varieties T or 
SC, while M is a nil-variety. 

Theorem 1.5. // a commutative nil-variety of semigroups is modular in 
Com then it may be given within the variety COM by 0-reduced and sub- 
stitutive identities only. 

Theorem 1.6. A commutative semigroup variety V is lower-modular in 
Com if and only if either V = COM orV = M\/Af where M is one of the 
varieties T or SC, while M is a 0-reduced in Com variety. 

The technique developed in the course of proving these theorems permits 
to give new proofs of Propositions 1.1 and 1.3. Moreover, in fact Propo- 
sitions 1.1 and 1.3 may be verified by practically the same arguments as 
Theorems 1.4 and 1.6 respectively. It seems for us that these new proofs of 
earlier results are of some independent interest, and we include these proofs 
in the paper. 

The article consists of four sections. Section 2 contains some auxuliary 
results. In Section 3 we prove Theorems 1.4-1.6 and provide new proofs of 
Propositions 1.1 and 1.3. We deduce all these results from some general as- 
sertion about modular and lower-modular elements of the subvariety lattice 
of an arbitrary overcommutative variety (see Proposition 3.3). Finally, in 
Section 4 we provide some corollaries of Theorem 1.6. 

2. Preliminaries 

We start with some definitions and auxiliary results. Suppose that / is a 
lattice identity of the form 

s(x , xi, ...,x n ) = t(x , si, ... , x n ). 

We say that an element x of a lattice L is an /- element of this lattice if 

V X\ , . . . , Xn £ L : s{x,x\, . . . ,Xn) — t{x,x\, . . . , x n ) . 
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Note that all types of elements mentioned above are partial cases of I- 
elements. For distributive and codistributive elements this is evident. It is 
well-known that an element x £ L is neutral if and only if 

Vy, z € L: (x V y) A (y V z) A (z V x) = (x A y) V (y A z) V (z A x) 

(see Theorem III. 2. 4. in [3], for instance). Finally, modular elements can be 
defined by the condition 

Vy, zGl: (x V y) A (y V z) = (x A (y V z)) V y, 

lower-modular ones by the condition 

Vy, zGl: (x V y) A (x V z) = ((x V y) A z) V x, 

and upper-modular ones by the condition dual to the latter one. 

The following lemma can be obtained by a combination of Corollary 2.1 
and Lemma 2.4 of [9]. 

Lemma 2.1. Let I be a lattice identity satisfied by distributive lattices. 
A [commutative] semigroup variety V is an I-element of the lattice SEM 
[respectively Com] if and only if the variety V V SC has this property. □ 

Lemma 2.2. Every ^-reduced [in Com] semigroup variety is modular [in 
Com]. □ 

The fact that a 0-reduced variety is modular was noted for the first time 
in [16], Corollary 3, and rediscovered in some other terms in [5], Proposi- 
tion 1.1. The 'commutative part' of Lemma 2.2 was verified in [9], Propo- 
sition 2.1. Note that, in fact, Lemma 2.2 readily follows from [4], Proposi- 
tion 2.2. 

Lemma 2.3. A [commutative] nil-variety of semigroups is lower-modular 
[in Com] if and only if it is 0-reduced [in Com] . □ 

For lower-modular varieties, this fact was proved in [16], Corollary 3 (the 
'if part) and [13], Corollary 2.7 (the 'only if part); for lower-modular in 
Com varieties it was verified in [9], Proposition 2.2. 

Lemma 2.4 ([9, Proposition 2.3]). A 0-reduced in Com semigroup variety 
is upper-modular in Com if and only if it satisfies the identity x 2 y = 0. □ 

If u is a word and x is a letter then we denote by c(u) the content of u, 
that is, the set of all letters occurring in u; further, h(u) [respectively t(u)] 
denotes the first [the last] letter of u, and £ x (u) is the number of occurences of 
x in u. The symbol = stands for the equality relation on the free semigroup 
of a countably infinite rank. We denote by var S the semigroup variety given 
by the identity system S. Put 

CZ = var{xy = x}, 

1ZZ = varjxy = y}, 

P = var{xy = xy, xy =yx), 

V = varjxy = xy 2 , x 2 y 2 = y 2 x 2 }. 
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The first statement of the following lemma is evident, while the second one 
is verified in [2], Lemma 7. 

Lemma 2.5. The identity u = v holds: 

(i) in the variety CZ if and only if h(u) = h(v); 

(ii) in the variety V if and only if c(u) = c(v) and either i t r u \ (u) > 1 
and £ t r v \(v) > 1 or £ t (u)( u ) = ^t(v)( v ) = 1 an d = t( v )- ^ 

A semigroup variety is called periodic if it consists of periodic semigroups. 
Lemma 2 of the paper [17] and the proof of Proposition 1 of the same paper 
imply the following 

Lemma 2.6. If a periodic semigroup variety V does not contain the varieties 
£Z, HZ, V , and V then V = A4 V AT where the variety M is generated by 
a monoid, while M is a nil-variety. □ 

Let V be a commutative nil-variety of semigroups. We denote by ZR(V) 
the variety given by the commutative law and all 0-reduced identities that 
hold in V. It is clear that ZR(V) is the least 0-reduced in Com variety 
that contains V. For any natural n we denote by A n the variety of periodic 
Abelian groups whose exponent divides n. 

Lemma 2.7 ([9, Lemma 2.5]). If a commutative semigroup variety V sat- 
isfies the identity x n = then V V An = ZR(V) V A n . □ 

We need the following two well known and easily verified technical remarks 
about identities of nilsemigroups. 

Lemma 2.8. Let V be a nil-variety of semigroups. 

(i) // the variety V satisfies an identity u = v with c(n) ^ c(v) then V 
satisfies also the identity u = 0. 

(ii) If the variety V satisfies an identity of the form u = vuw where 
at least one the words v, w is non-empty then V satisfies also the 
identity u = 0. □ 

A semigroup variety V is called overcommutative if V 5 COM.. An iden- 
tity u = v is called balanced if i x (u) = l x {v) for every letter x. For conve- 
nience of references, we formulate the following two generally known facts. 

Lemma 2.9. An arbitrary semigroup variety is either periodic or overcom- 
mutative. □ 

Lemma 2.10. If an overcommutative semigroup variety satisfies some iden- 
tity then this identity is balanced. □ 

3. Proofs of main results 

We need some new definitions and notation. We denote by F the free 
semigroup over a countably infinite alphabet. If u G F then we denote by 
£(u) the length of u. For an arbitrary semigroup variety <Y, we denote by 



6 



V. YU. SHAPRYNSKII 



L(X) its subvariety lattice, by F(X) its free semigroup over a countably 
infinite alphabet, by F C (X) its free semigroup over an alphabet c, and by 
L(F(X)) the lattice of fully invariant congruences on F{X). The equality 
relation on F(X) and F C (X) will be denoted by =. Let now X be an over- 
commutative variety and U £ F(X). Lemma 2.10 permits to define the 
length of U (denoted by £(U)) as the length of an arbitrary word u G U, the 
content of U (denoted by c(U)) as the content of an arbitrary word u € U, 
and the number of occurerences of a letter x in U (denoted by £ X (U)) as 
the number of occurences of x in an arbitrary word u G U. The X -image 
of an arbitrary word is its image under the natural homomorphism from 
F to F(X). We call elements U and V of F(X) equivalent if U = £(V) 
for some automorphism £ on F(X) (in other words, if |c(f/~)| = |c(V)| and 
U = £(V) for some isomorphism £ from F C / V \(X) to F C ^(X)). We call 
two words X- equivalent if their ^-images are equivalent. We say that an 
element W G F(X) is X- unstable if £(W) ^ W for any non-trivial automor- 
phism £ on F c (jm(Af). Otherwise the element W is called X-stable. A word 
is called X-[un]stable if its A'-image is [un] stable. The group of automor- 
phisms [the semigroup of endomorphisms] of a semigroup S is denoted by 
Aut(S) [respectively End(S)]. 

The following lemma plays the key role in what follows. 

Lemma 3.1. Let X be an over commutative semigroup variety and let u, v, s, 
and t be X -unstable and pairwise X -non-equivalent words with the same 
length and the same content. If a semigroup variety V is either a modular 
or a lower-modular element of the lattice L(X) and V satisfies the identities 
u = v and s = t then V satisfies also the identity u = s. 

Proof. Let i be the length of the words u,v,s, and t, and let c be the 
content of these words. Denote by U, V, S, and T the ^-images of the words 
u,v, s, and t respectively. Let a be the fully invariant congruence on F(X) 
corresponding to the variety V. Then U aV and S aT. We aim to prove 
that U a S. 

Consider any two distinct elements A,B £ {U, V, S, T} and any two au- 
tomorphisms £ and ( on F(X). We shall prove that the pairs {£(^4), £(£?)} 
and {({A), C(-B)} either coincide or do not intersect. Suppose that 

{^)^(B)}n{((i),((B)}/0. 

Acting by the automorphism £ -1 we get {^4, B} n {f(A), <p(B)} / where 
if = £ _1 C- Since the elements A and B are not equivalent, A ^ <p(B) and 
B ^ <f(A), so either A = f(A) or B = <p(B). We may suppose without loss 
of generality that A = <p(A). Since ip is an automorphism, the restriction 
Ip of if on F c <a\(X) is an isomorphism from F C ^(X) to F^m^^X). But 
<p(c(A)) = c(<p(A)) = c(A), so Tp is an automorphism on F C ^(X). Since A 
is unstable, the automorphism Tp is trivial. Further, c(A) = c(B), whence 
p(B) = p(B) = i?. Acting by the automorphism £ on the equality <p(B) = 
B, we get = C(B), whence {£(^),e( J B)} = {C(A),C(B)}. 
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Further, consider the set 

2B = {W G F(X) | either £(W) > I or £{W) = I and \c(W)\ < \c\}. 

Since an arbitrary automorphism £ on F(X) does not change the pa- 
rameters £{W) and |c(W)| of an element W G ~F(X), none of the el- 
ements £(U),£(V),£(S), and £(T) belongs to 2U. Therefore none of 
the pairs {£(*/), £(S)} and {£00, £(T)} intersects with 2B. Further, let 
£,< e Aut(F(#)). Then {U,S} n {£ _1 CO0, C _1 C(^)} = because the ele- 
ments U, V, S, and T are pairwise non-equivalent. Therefore {£(U), £,(S)} n 
{C(^),C(^)} = 0- Combining these observations with the arguments from 
the previous paragraph, we obtain that there is a partition of the set 
F(X) whose non-singleton classes are 2B and 2-element sets of the form 
{Z(U),Z(S)} and {£(V),Z(T)} where £ runs over Aut(F(#)). Denote the 
equivalence relation corresponding to this partition by 7. By the same ar- 
guments, there are partitions of F(X) whose non-singleton classes are: 

• 2B and pairs {£(V) , £(T)} where £ runs over Aut(F(A')); 

• W and pairs {£(E/),f(V)} where J runs over Aut(F(Af)). 

Denote the equivalence relation corresponding to the former [the latter] of 
these partitions by j3 [respectively 5]. Obviously, (3 C 7. 

Now we aim to check that 7 is a fully invariant congruence. By the defini- 
tion of 7 the condition W\ 7 W 2 for distinct elements Wi, W 2 G F(X) implies 
either Wi,W 2 G 2U or {W U W 2 } = {£([/), £(5)} or W 2 } = {£(VU(T)} 
for some automorphism £. We see that £(Wi),£(W 2 ) > ^ always. There- 
fore if W G F(Af) then £(WW), £(WWi), £{WW 2 ) > £, whence 
Wi W, W 2 W, WW U WW 2 G 2B. We see that W x W 7 W 2 W and WWi 7 WW 2 
for any element W. This means that the relation 7 is a congruence. Now 
we shall prove that 7 is invariant under an arbitrary endomorphism <p on 
F{X). Obviously, for any W G F(X) we have £(<p(W)) > £(W) and if 
£(<f(W)) = £{W) (i. e., if ip maps every letter of c(W) to a letter) then 
|c(y>(W))| < |c(W)|. This implies that <p(W) C 2U. It remains to prove 
that (p(Wi) 7 <p(W 2 ) for any distinct elements W±,W 2 G F(,Y) with W\ 7 VF 2 
and Wi,W 2 £ fflJ. The latest means that either {Wi,W 2 } = {£(17),£(S)} 
or {WijM^} = {£(^0> £C^)} f° r some £. We may suppose without loss of 
generality that W\ = £([/) and W 2 = £,(S). The following three cases are 
possible: 

1) (p maps some letter of c(£(U)) to an element of length > 1; 

2) if maps every letter of c(£(£7)) to a letter and maps some two distinct 
letters of c(£(U)) to the same letter; 

3) (p maps all letters of c(£(C/)) to distinct letters. 

In the case 1) we have £(ip(Wi)),£(ip(W 2 )) > £, while in the case 2) we 
have %(Wi)) = %(W 2 )) = £ and |c(¥>(Wi))| = |c(y>(W 2 ))| < \c\. In 
both the cases (p(Wi), <p(W 2 ) G 2H. In the case 3) there is an automor- 
phism Tp on F(X) such that Tp{W{) = and ^(W 2 ) = <p(W 2 ), so the 
pair {^(Wi), <p(W 2 )} = {Tp(£(U)),lp(£(S))} is a 7-class. In all three cases 
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<p(Wi) r y<p(W2)- We have verified that 7 is a fully invariant congruence. 
Analogous arguments show that f3 and 5 are fully invariant congruences 
too. 

Suppose that the variety V is a modular element of the lattice L(X). 
Then a is a modular element of the lattice L(F(X)). Since j3 C 7, we 
have (a V 0) A 7 = (a A 7) V (3. Further, U aV (3T a S and U 7 S, whence 
(U, S) G (a V fi) A 7 = (a A 7) V (3. On the other hand, U <£ 2H and 
[/ g {£(V),£(T)} for any £ € Aut(F(#)), so the set is a /3-class. If 
{[/} is an (a A 7)-class then {U} is an ((a A 7) V /3)-class too. But this fails 
because (U, S) G (a A 7) V f3. Thus there is an element R such that R ^ U 
and (£/, R) G a A 7. In particular £7 7 i?. By the definition of 7 the set {£/, 5*} 
is a 7-class. Hence R = S. We see that (£7, 5) G a A 7. In particular, U aS, 
and we are done. 

We have verified the 'modular half of our lemma. Suppose now that 
the variety V is a lower-modular element of the lattice L(X). Then a is an 
upper-modular element of the lattice L(F(X)). Put p = 5 A a. Since p C a, 
we have (7 V p) A a = (7 A a) V p. Since U 5V and U aV, we have ?7 p V. 
Thus S pV jT and S aT, whence (5, T) G (7 V p) A a = (7 A a) V p. 
On the other hand, S ^ 2JJ and 5 ^ {^(C7), ^ (V)} for any automorphism £, 
so the set {S 1 } is a (5-class. Hence {S*} is a p-class because p C 6. If {S*} is 
a (7 A a)-class then {S} is a ((7 A a) V p)-class too. But this fails because 
(S, T) G (7 A a) V p. Thus there is an element Q such that Q ^ S and 
(S 1 , Q) G 7 A a. In particular SjQ. By the definition of 7 the set {S, U} is 
a 7-class. Hence Q = U. We see that (S 1 , [/) G 7 A a. In particular, S all, 
and we are done. □ 

A semigroup variety V is called proper if V 7^ SSM.. For any word w = 
where Xj 1 ,Xj 2 , . . . ,Xj n are (not necessarily dufferent) letters 
and for 1 < i < n wc put w [i] = xj i . 

Corollary 3.2. If V is either a modular or a lower-modular proper semi- 
group variety then V is periodic. 

Proof. Since the variety V is proper, it satisfies some non-trivial identity 
ui\ = u>2- Suppose that V is not periodic. Then V is overcommutative 
by Lemma 2.9, whence the identity w\ = W2 is balanced by Lemma 2.10. 
There is some i G {1,2, .. . ,£(w\)} with w\[i] ^ u>2[i\. Put x = w\[i] and 
y = W2[i\- Consider the words u = x 2 w\, v = x 2 u>2, s = xyw±, and t = xyui2- 
The identities u = v and s = t are satisfied in V because they follow from 
w\ = W2- The words u, v, s, and t have the same length and the same content 
because £(w\) = £(w2) and c(wi) = c(w2)- Now we aim to prove that these 
words are pairwise non-equivalent. Suppose that u and v are equivalent, so 
v = £(u) for some ^ G Aut(F). Then x 2 u>2 = (£(x)) 2 £(u>i), whence £(x) = x 
and £(u>i) = W2- But = W2 implies £(x) = £(wi[i\) = W2[i] = y j£ x. 

The contradiction shows that u and v are non-equivalent. The words s and t 
are non-equivalent by analogous arguments. Finally, each of the words u and 
v is not equivalent to each of the words s and t because any of the equalities 
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u = v = u = £(i), and f = for any £ € Aut(F) would imply 
£(xy) = x 2 that is impossible. Since all words (in particular, the words u, v, 
s, and t) are 5£.M-unstable, we can apply Lemma 3.1 with X = S£A4 and 
conclude that V satisfies the identity u = s. This identity is not balanced 
because l x {u) = i x {wi) + 2, while £ x (s) = i x {w\) + 1- Lemmas 2.9 and 2.10 
imply that V is periodic. □ 

Note that the fact that a proper lower-modular semigroup variety is pe- 
riodic was verified earlier by another way in [13], Theorem 1. 

Proposition 3.3. Let X be an over commutative semigroup variety and V 
a periodic subvariety of X. If V is either a modular or a lower-modular 
element of the lattice L(X) then V = M. V M where M. is one of the varieties 
T or SC, while M is a nil-variety. 

Proof. At first, we shall prove that V = M. V M where M. is generated by a 
commutative monoid, while M is a nil-variety. Being periodic, the variety V 
satisfies the identity x n = x n+m for some natural n and m. We may assume 
without loss of generality that n > 1. Put 

u = X y n+im+z z n q, v = xy n+2m+3 z n+2m q, 
s = qy "+±™+h n+1 x, t = qy n+2m+2 z n+2m+1 x. 

The variety V satisfies the identities u = v and s = t. Further considerations 
are naturally divided into two cases. 

Case 1: the words u,v,s, and t are A'-unstable. These words have the 
same length and the same content. Besides that, these words are pair- 
wise A'-non-equivalent because if wi,W2 €. {u,v,s,t} and w\ ^ W2 then 
max {4(wi)} 7^ max {£ a ( w 2)}- Thus, we can apply Lemma 3.1 and con- 

a€e(u>i) a£c(w2) 

elude that the identity u = s, that is, the identity 

xy n+4m+3 z n q = qy n+4m+2 z n+1 x (1) 

holds in V. Lemma 2.5 and its dual imply that this identity fails in the 
varieties £Z,1ZZ,V, and V . Now Lemma 2.6 applies and we conclude that 
V = M V N where M is generated by a monoid, while M is a nil- variety. 
Substituting 1 for y and z in the identity (1), we have that the identity 
xq = qx holds in M, so M is generated by a commutative monoid. 

Case 2: at least one of the words u, v, s, and t is A'-stable. Suppose that 
this word is u. Denote its ,^-image by U. There is a non-trivial automor- 
phism £ on Fs X; y, z , q \(X) with £(U) = U. This automorphism performs some 
permutation on the set {x,y,z,q}. Since (- y {U) > £ Z (U) > £ X (U) = £ q (U), 
we have £(y) = y and £(z) = z. Since the automorphism £ is non-trivial, we 
have = q and £(q) = x. Thus the A'-images of the words X y n+4m+3 z n q 
and qy n+4m+3 z n x coincide. This means that the identity 

xy n+4m+3 z n q = qy n+4m+3 z n x (2) 
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holds in X and therefore, in V. Lemma 2.5 and its dual imply that this iden- 
tity fails in the varieties CZ, TZZ, V, and V . Hence we may apply Lemma 2.6 
and conclude that V = M V N where M is generated by a monoid, while 
M is a nil- variety. Substituting 1 for y and z in the identity (2), we have 
that the identity xq = qx holds in M, so M is generated by a commutative 
monoid. Analogous arguments may be used if one of the words v, s or t is 
^-stable. 

It remains to verify that M is one of the varieties T or SC. To do this, 
we note that the variety V satisfies the identities v! = v' and s' = t' where 

u , = x n+2 m +4 y n+2^ y , = x n+m+4 y n+m+2 ^ 
g / = x n+2m+3 n+2 z 2 £ _ 

These words have the same length and the same content. Besides that, these 
words are pairwise Af-non-equivalent because if w\,W2 € {u', v', s', t'} and 
w\ ^ W2 then either max {£ a (wi)} / max {^(^2)} or min {£ a (wi)} 7^ 

agc(wi) a£c(«J2) agc(uii) 

min {£ a (^2)}- Finally, the words u',v',s', and t' are ^-unstable because 

agc(«)2) 

tx{w) > £y( w ) > ^(w) for any w G {u', w', s', t'}. By Lemma 3.1 the variety 
V satisfies the identity v! = s', that is, the identity 

x n+2rn+4yn+2 z _ x n+2m+3 y n+2 z 2 _ 

Substituting 1 for x and y in this identity, we have that the identity z = z 2 
holds in A4. Thus A4 C 5£, whence is one of the varieties T or 5/3. □ 

Now we are well prepared to complete the proofs of Theorems 1.4 and 1.6 
and to give new proofs of Propositions 1.1 and 1.3. 

Proposition 1.1 [Theorem 1.4] is directly implied by Proposition 3.3 with 
X = S£M [respectively X = COM] and Corollary 3.2 [Lemma 2.9]. □ 

Proof of Proposition 1.3 and Theorem 1.6. In both the statements, suffi- 
ciency immediately follows from Lemmas 2.3 and 2.1. One can prove neces- 
sity. Let V be a [commutative] lower-modular [in Com] semigroup variety 
with V 7^ S£M. [respectively V 7^ COM]. Then the variety V is periodic 
by Corollary 3.2 [Lemma 2.9]. Applying Proposition 3.3 with X = S£M 
[respectively X = COM], we conclude that V = M V J\f where M is one of 
the varieties T or SC, while M is a nil-variety. Lemma 2.1 implies that the 
variety N is lower- modular [in Com]. Then the variety N is 0-reduced [in 
Com] by Lemma 2.3. □ 

To prove Theorem 1.5, we need some additional auxiliary results. 

Lemma 3.4. An identity v = follows from an identity system {xy = 
yx, u = 0} if and only if there is some (possibly empty) word w and some 
endomorphism £ on F such that the identity v = (u) is balanced. 

Proof. Let U be the COM-im&ge of the word u. Consider the set 

2H = {W((U) I W G F(COM), ( £ End(F(COM))}. 
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It is evident that 2JJ is an ideal of the semigroup F(COM) and that C(2U) Q 
2U for any C G End(F (COM)). Hence the relation a on F(COM) defined 
by the rule 

Wi a W 2 if and only if either W x = W 2 or W x , W 2 G 2B 

is a fully invariant congruence on F(COM). Put V = varjxy = yx, u = 0} 
and consider the fully invariant congruence a' corresponding to V. We 
shall prove that a = a'. Since a' corresponds to a 0-reduced in Com 
variety, it has only one non-singleton class ffl . The set W is an ideal of 
the semigroup F(COM). This ideal contains U and satisfies C(2U') C 2U' 
for any (" G End(F(CCM)) because the congruence a' is fully invariant. 
Therefore ((U) G W for any endomorphism (. Hence W((U) G 22J' for 
any W G F(CCM) because W is an ideal. We see that 2H C 2U', whence 
a C a'. Further, 2B is a zero of the factor semigroup F(COM) / a. Since 
the inclusion C(C/) G 2H holds for any endomorphism £ on F(COM), the 
identity u = holds in F(COM)/a. Hence F(COM)/a G V, so a' C a. We 
have proved that a = a' and hence 2U = W . 

An identity v = follows from the system {xy = yx, u = 0} if and only 
if it holds in V. This is so if and only if the CCM-image V of the word v 
belongs to 2B' = 2U, i. e. V = W((U) for some W G F(COM) and some 
C G End(F(COA4)). But every element of F(COM) is a COAl-image of 
some word and every endomorphism on F(COM) has the form cp£ where 
^ is an endomorphism on F, while if is the natural homomorphism from F 
to F(COM). Therefore the equality V = W((U) is the equality of COM- 
images of words v and w^(u) for some word w and some £ G End(F). So 
this equality means that the identity v = w((u) holds in COM, whence it 
is balanced by Lemma 2.10. □ 

Corollary 3.5. Words u and v are COM -equivalent if and only if the iden- 
tity systems {xy = yx, u = 0} and {xy = yx, v = 0} are equivalent. 

Proof. Necessity. If u and v are COAl-equivalent then there is some auto- 
morphism £ on F such that the identity v = holds in COM, whence it 
is balanced by Lemma 2.10. Then the identity v = follows from the system 
{xy = yx, u = 0} by Lemma 3.4. By symmetry, the identity u = follows 
from the system {xy = yx,v = 0}. Hence these two systems are equivalent. 

Sufficiency. Suppose that the systems {xy = yx, u = 0} and {xy = 
yx, v = 0} are equivalent. By Lemma 3.4 there are some (possibly empty) 
words a and b and some automorphisms £ and C, on F such that the identities 
u = a£(v) and v = b£(u) are balanced. Then the identity u = a£(b£(u)) is 
balanced too. Hence £(u) = £(a^(b(^(u))). But this is possible only if the 
words a and b are empty and the endomorphism maps every letter of 
u to a letter. Further, c(u) = c(£C(u)) because the identity u = £,((u) is 
balanced. This means that maps distinct letters of u to distinct letters. 
Therefore both endomorphisms £ and ( have the same property and the 
restrictions of £ and £ on the semigroups F c („) and F c ^ respectively are 
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isomorphisms between these semigroups. Thus the identity u = £(v) is 
balanced and £ perfoms an isomorphism from F c („) to F c(M ) . Therefore u is 
COM -equivalent to v. □ 

Proof of Theorem 1.5. Suppose that a commutative nil-variety V is mod- 
ular in Com and consider any identity u = v satisfied in V. Suppose that 
the identities u = and v = are not satisfied in V. We aim to prove that 
the identity u = v follows from the commutative law and some substitutive 
identity satisfied in V. 

By Lemma 2.7 there is an Abelian periodic group variety Q such that 

ew = evzR(v). (3) 

Put X = varjxy = yx, u = 0}, y = var{xy = yx, v = 0}, and Z = X V Q. 
The variety Q satisfies the identity x n y = y for some n and therefore the 
identity x n u = u. This identity holds also in X, so it holds in Z and 
therefore in V A Z. Being a nil- variety, V A Z satisfies the identity u = by 
Lemma 2.8(h). The identity u = v holds in V, whence u = v = holds in 
V AZ, i. e. 

V A Z C y. (4) 

So we have 

(ZR(V) A X) V G C (ZR(V) V6)A(^V5) 
= (ZR(V) V G) A Z 
= (V V G) A Z by (3) 

= (V A Z) V G because V is modular 

in Com and G Q Z 
<zy\JG by (4). 

Thus (ZR(V) A X) V G C y V 0. The identity u = u x n holds in y V 0, so it 
holds in (ZR(V) A X) V Q and therefore in ZR(V) A X. Since ZR(V) A X is 
a nil- variety, it satisfies the identity v = by Lemma 2.8(h). Hence there 
is a deduction of this identity from identities of the varieties ZR(V) and X, 
that is, a sequence of words wo, w\, . . . , w n such that v = wq and each of 
the identities wq = w\, w\ = W2, w n -\ = w n , and w n = holds in one of 
the varieties ZR(V) or X. We may assume without loss of generality that 
wo, wi, . . . , w n is the shortest sequence with these properties. In particular, 
for any i = 0, 1, ...,n — 1, none of the varieties ZR(V) and X satisfies 
the identity Wi = 0, and the identity W{ = does not hold in both 

the varieties ZR(V) and X simultaneously. Suppose that n > 0. Let i € 
{0, 1, . . . ,n — 1}. Since the varieties ZR(V) and X are 0-reduced in Com 
and none of these varieties satisfies the identity Wi = 0, the identity Wi = 
Wi+i holds in COM and therefore, in both the varieties ZR(V) and X. A 
contradiction shows that n = 0. Thus the identity v = holds in one of the 
varieties ZR(V) or X. But this identity fails in ZR(V) because it fails in V. 
So v = holds in X. Analogously, considering the variety y V Q rather than 
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X V Q, we can prove that the identity u = holds in y. This means that 
X = y, so the identity systems {xy = yx, u = 0} and {xy = yx, v = 0} are 
equivalent. By Lemma 3.5 the words u and v are CCM-equivalent. Hence 
there is some automorphism £ on F(CCM) such that the identity u = £(v) 
holds in COM. In particular, this identity is balanced (by Lemma 2.10) 
and holds in V. The identity v = £(v) holds in V because the identities 
u = v and u = £(v) hold in V. If c(v) ^ c(£(u)) then V satisfies the identity 
v = by Lemma 2.8(i). But this is not true. Therefore c(v) = c(£(i>)). 
This means that the identity u = £(v) is substitutive. Being balanced, the 
identity u = follows from the commutative law. The identities u = £(i>) 
and v = £(v) imply u = v. Therefore, u = v follows from v = £(v) and the 
commutative law. Since the identity v = £(v) is substitutive and holds in 
V, we are done. □ 

Theorem 1.5 and the 'commutative half of Lemma 2.2 provide a necessary 
and a sufficient condition for a commutative nil-variety to be modular in 
Com respectively. The gap between these conditions seems to be not very 
large. But the necessary condition is not a sufficient one, while the sufficient 
condition is not a necessary one. Indeed, it may be checked that the variety 
vai{xyzt = x 3 = 0, x 2 y = y 2 x, xy = yx} is modular in Com although it is 
not 0-reduced in Com, while the variety var{x 5 = 0, x 3 y 2 = y 3 x 2 , xy = yx} 
is not modular in Com although it is given within COM. by 0-reduced and 
substitutive identities only. 

4. Corollaries 

It was verified in [10] that a lower-modular semigroup variety is modular. 
Theorem 1.6, together with results of [9], implies the following 'commutative 
analog' of this fact. 

Corollary 4.1. Every lower-modular in Com variety is modular in Com. 

Proof. Let V be a lower-modular in Com variety. We may assume that 
V 7^ COM. Then Theorem 1.6 implies that V = M V N where M is one of 
the varieties T or SC, while M is a 0-reduced in Com variety. The variety 
M is modular in Com by Lemma 2.2. It remains to refer to Lemma 2.1. □ 

By the way, we note that all five other possible implications between 
properties of being a modular in Com variety, a lower-modular in Com 
variety and an upper-modular in Com variety are fail. For instance: 

• the variety varjxyzi = x 3 = 0, x 2 y = y 2 x, xy = yx} is modular in 
Com (as we have already mentioned at the end of Section 3) but 
not lower-modular in Com (by Theorem 1.6); 

• the variety var{x 3 = 0, xy = yx} is modular in Com (by Lemma 2.2) 
and lower-modular in Com (by Lemma 2.3) but not upper-modular 
in Com (by Lemma 2.4); 

• the variety of Abelian groups of a prime exponent is upper-modular 
in Com (because this variety is an atom of the lattice Com) but 
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neither modular in Com (by Theorem 1.4) nor lower-modular in 
Com (by Theorem 1.6). 

It was proved in [9], Theorem 1.2, that a commutative semigroup variety 
is neutral in Com if and only if it is both distributive and codistributive in 
Com. This assertion is generalized by the following 

Corollary 4.2. For a commutative semigroup variety V, the following are 
equivalent: 

a) V is both lower-modular and upper-modular in Com; 

b) V is neutral in Com; 

c) either V = COM orV = MV N where M is one of the varieties T 
or SC, while M satisfies the identities x 2 y = and xy = yx. 

Proof. The equivalence of the statements b) and c) is proved in [9] , Theo- 
rem 1.2, while the implication b) — > a) is evident. 

a) — > c). Suppose that a variety V is both lower-modular and upper- 
modular in Com. We may assume that V / COM.. Then Theorem 1.6 
implies that V = M V N where M is one of the varieties T or SC, while M 
is a 0-reduced in Com variety. The variety M is upper-modular in Com by 
Lemma 2.1. It remains to refer to Lemma 2.4. □ 

Note that the analog of Corollary 4.2 for the lattice SEM also is true 
([14], Corollary 3.5). 
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